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WITH CONSTANT CORRELATIONS ALONG ONE DIRECTION
HAJO LESCHKE, SIMONE WARZEL, AND ALEXANDRA WEICHLEIN
ABSTRACT. We consider an electrically charged particle on the Euclidean plane sub-
jected to a perpendicular magnetic field which depends only on one of the two Cartesian
co-ordinates. For such a “unidirectionally constant” magnetic field (UMF), which other-
wise may be random or not, we prove certain spectral and transport properties associ-
ated with the corresponding one-particle Schro¨dinger operator (without scalar potential)
by analysing its “energy-band structure”. In particular, for an ergodic random UMF we
provide conditions which ensure that the operator’s entire spectrum is almost surely ab-
solutely continuous. This implies that, along the direction in which the random UMF is
constant, the quantum-mechanical motion is almost surely ballistic, while in the perpen-
dicular direction in the plane one has dynamical localisation. The conditions are verified,
for example, for Gaussian and Poissonian random UMF’s with non-zero mean-values.
These results may be viewed as “random analogues” of results first obtained by A. Iwat-
suka [Publ. RIMS, Kyoto Univ. 21 (1985) 385] and (non-rigorously) by J. E. Mu¨ller
[Phys. Rev. Lett. 68 (1992) 385].
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2 HAJO LESCHKE, SIMONE WARZEL, AND ALEXANDRA WEICHLEIN
1. INTRODUCTION
The quantum-dynamical behaviour of electrically charged particles in a spatially
random magnetic field (RMF) has become a topic of growing interest over the last decade.
Most theoretical investigations of corresponding one-particle models take their motivation
from the physics of (quasi-) two-dimensional systems. For example, in connection with
the fractional quantum Hall effect, transport properties of interacting electrons on the
(infinitely-extended) Euclidean plane R2 subjected to an external random scalar potential
and a perpendicular, strong homogeneous magnetic field are often described by (non-
interacting) effective, so-called composite fermions in a RMF, which is homogeneous
on average. Near half filling of the lowest Landau level, the values of this (fictitious)
RMF fluctuate at each point x = (x1, x2) ∈ R2 about a mean-value near zero [24, 70,
47]. Moreover, experimental realisations of gases of non-interacting fermions in (actual)
RMF’s by quasi-two-dimensional semiconductor heterostructures with certain randomly
built-in magnets have been reported [20, 63, 44, 3, 57, 9, 58]. Last but not least, there is a
fundamental interest in the theory of one-particle models with RMF’s in two dimensions.
Just like in Anderson’s problem [2] of a quantum particle subjected to a random scalar
potential (only), an important question is whether all (generalised) energy eigenstates are
spatially localised or whether some of them are delocalised. Until recently, in the RMF-
case the answer to the question has remained controversial within perturbative, quasi-
classical, field-theoretical and numerical studies [4, 40, 32, 59, 72, 6, 17, 19, 51, 31, 60,
71, 65, 48, 16, 33]. It is therefore desirable to establish exact localisation/delocalisation
results for the RMF-case as has been done for random scalar potentials [10, 50, 64] (see
also [41]). For the RMF-case (without a random scalar potential) we are aware of only
one rigorous work [35] devoted to the localisation/delocalisation problem. Therein Klopp,
Nakamura, Nakano and Nomura outline a proof of the existence of localised states at low
energies in a certain model for a particle on the (unit-) square lattice Z2 instead of the
two-dimensional continuum R2.
In the present paper we prove first exact localisation/delocalisation results for a
simplified model for a particle on the continuum R2. The simplification arises from the
assumption that the fluctuations of the RMF on R2 are anisotropically long-ranged cor-
related in the sense that we consider the limiting case of an infinite correlation length
along one direction and take the correlation length to be finite but strictly positive along
the perpendicular direction in the plane. In other words, the RMF is assumed to be inde-
pendent of one of the two Cartesian coordinates, which we choose to be the second one,
x2. The remaining dependence of the RMF-values on the first coordinate x1 we suppose
to be governed by the realisations of an ergodic real-valued random process with the real
line R as its parameter set. For the precise description of such a random unidirection-
ally constant magnetic field (RUMF) see Definition 3.1 below. To our knowledge, the
first rigorous work explicitly dealing with a model involving a random UMF (with zero
mean-value) is one of Ueki [67].
Models for a single particle on the plane R2 subjected to a non-random unidirec-
tionally constant magnetic field (UMF) have been the object of various studies in the
mathematics [28, 13, 45, 42] and physics [46, 49, 37, 56, 61, 39] literature. These models
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illustrate unadulteratedly that inhomogeneous magnetic fields have a tendency to delo-
calise charged particles along the direction perpendicular to the magnetic-field gradient.
According to classical mechanics a particle with non-zero kinetic energy wanders off to
infinity along snake or cycloid-like orbits winding around contours of constant magnetic
field [13, 46]. The quantum analogue of this unbounded motion should manifest itself in
the exclusive appearence of absolutely continuous spectrum of the underlying one-particle
Schro¨dinger operator with a UMF (only), which is not globally constant. Although plau-
sible from the (quasi-) classical picture, a mathematical proof of this conjecture is non-
trivial and has been accomplished so far only for certain classes of UMF’s [28, 45]. From
the same picture, the absolutely continuous spectrum should come with ballistic transport
along the direction perpendicular to the gradient of the UMF. Along the direction paral-
lel to the gradient no propagation is expected, provided the UMF is non-zero on spatial
average – like in the case of a globally constant magnetic field.
In the second section of the present paper we compile rigorous results on spec-
tral and transport properties of one-particle Schro¨dinger operators with UMF’s which
are non-zero on spatial average. As far as transport is concerned, these results slightly
extend the ones in [45]. In the third and main section we formulate conditions on the
RUMF which imply that the spectrum of the corresponding random Schro¨dinger oper-
ator is almost surely only absolutely continuous. By virtue of Section 2 such a RUMF
yields ballistic transport along one direction and dynamical localisation along the other
almost surely. These results apply, for example, to Gaussian and Poissonian RUMF’s with
non-zero mean-values.
Some of the results of the present paper have been announced in [43], where the key
ideas are outlined only briefly.
2. SCHRO¨DINGER OPERATORS WITH UNIDIRECTIONALLY CONSTANT MAGNETIC
FIELDS
Throughout this section we are dealing with (non-random) unidirectionally constant
magnetic fields in the sense of
Definition 2.1 (UMF). A unidirectionally constant magnetic field (UMF) is given by a
real-valued function b : R → R, x1 7→ b(x1), which is locally Lebesgue-integrable,
b ∈ L1loc(R), and whose anti-derivative
a : R→ R, x1 7→ a(x1) :=
∫ x1
0
dy1 b(y1) (2.1)
behaves near infinity according to
0 < b := lim inf
|x1|→∞
|a(x1)|
|x1| ≤ ∞ and 0 ≤ lim sup|x1|→∞
|a(x1)|
|x1|α <∞ with some α ≥ 1.
(2.2)
Taking the function (2.1) as the second component of the vector potential R2 ∋
(x1, x2)7→ (0, a(x1))∈ R2 in the asymmetric gauge, the Hamiltonian (or: Schro¨dinger
operator) for a single spinless particle on the Euclidean plane R2 subjected to a UMF,
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which depends (at most) on the first Cartesian co-ordinate x1, is informally given by the
second-order differential operator
H(b) :=
1
2
[
P 21 + (P2 − a(Q1))2
]
. (2.3)
Here P1 := −i∂/∂x1, P2 := −i∂/∂x2 and Q1(, Q2) are the two components of the
canonical momentum, respectively, position operator on the Hilbert space L2(R2) of
complex-valued, Lebesgue square-integrable functions ψ onR2 with squared norm ‖ψ‖2
:=
∫
R
2 d
2x |ψ(x)|2 < ∞. The operators Q1 and Q2 act as multiplication by x1, respec-
tively, x2. Moreover, we use physical units in which Planck’s constant (divided by 2π), the
particle’s mass and charge are all equal to 1. The requirements in Definition 2.1 guarantee
that a is not only absolutely continuous and hence locally bounded, a ∈ L∞loc(R), but
also polynomially bounded near infinity. Therefore (2.3) is precisely defined as an essen-
tially self-adjoint and non-negative operator on the Schwartz space S(R2) ⊂ L2(R2) of
complex-valued, arbitrarily often differentiable functions of rapid decrease near infinity
(cf. [13, Thm. 1.15]). In the context of quantum mechanics the operator (2.3) represents
the total kinetic energy of the particle and generates its time evolution.
2.1. Energy bands and related spectral properties. Thanks to translation invariance
along the x2-direction the Hamiltonian (2.3) commutes with P2 so that it may be fibred
(or: decomposed) into the one-parameter family
H(k)(b) :=
1
2
[
P 21 + (k − a(Q1))2
]
, k ∈ R (2.4)
of effective Hamiltonians on the Hilbert space L2(R) for the one-dimensional motion
along the x1-direction, where each wave number k ∈ R may be interpreted as a spectral
value of P2. Definition 2.1 implies that each H(k)(b) is essentially self-adjoint on S(R).
The following proposition collects some well-known facts about the relations between
H(k)(b) and H(b) and their spectral properties. For its precise formulation we introduce
the partial Fourier(-Plancherel) transformation F given by
(Fψ)(k) (x1) := 1√
2π
∫
R
dx2 e
−ikx2 ψ(x1, x2), x1 ∈ R (2.5)
for any ψ ∈ S(R2). It uniquely extends to a unitary operatorF : L2(R2)→ ∫ ⊕
R
dk L2(R)
which maps onto the Hilbert space of L2(R)-valued functions Fψ : R → L2(R), k 7→
(Fψ)(k) with Lebesgue square-integrable L2(R)-norm, ∫
R
dk
∥∥ (Fψ)(k) ∥∥2 = ‖ψ‖2 <
∞.
Proposition 2.2 (cf. [28, 45]). Let b be a UMF. Then
(i) the family of operators {H(k)(b)}
k∈R
is analytic of type A (in the sense of [54,
Def. on p. 16]) in some complex neighbourhood ofR . For each fixed k ∈ R the spectrum
of H(k)(b) is only discrete and its spectral resolution reads
H(k)(b) =
∞∑
n=0
ε(k)n (b)E
(k)
n (b). (2.6)
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The eigenvalues 0 < ε(k)0 (b) < ε
(k)
1 (b) < . . . are non-degenerate, strictly positive and
analytic functions of k in some complex neighbourhood of R. By the non-degeneracy
the corresponding orthogonal eigenprojections E(k)0 (b), E(k)1 (b), . . . are all one-dimen-
sional;
(ii) the operator H(b) is unitarily equivalent to a direct-integral decomposition in
the sense that
FH(b)F−1 =
∫ ⊕
R
dk H(k)(b). (2.7)
Its spectrum σ(H(b)) is the set-theoretic union of energy bands defined as the closed
intervals
βn := ε
(R)
n (b) =
]
inf
k∈R
ε
(k)
n (b), sup
k∈R
ε
(k)
n (b)
[ ⊆ [0,∞[, n ∈ N0. (2.8)
It has an absolutely continuous part σac(H(b)) =
⋃
|βn|>0
βn and a pure-point part
σpp(H(b)) =
⋃
|βn|=0
βn, the latter of which consists at most of infinitely degenerate
eigenvalues. The corresponding spectral projections Eac(b) and Epp(b) satisfy
FEac(b)F−1 =
∑
|βn|>0
∫ ⊕
R
dk E(k)n (b), FEpp(b)F−1 =
∑
|βn|=0
∫ ⊕
R
dk E(k)n (b).
[Here and in the following | · | denotes the one-dimensional Lebesgue measure.]
Remarks 2.3. (i) That the singular continuous spectrum ofH(b) is empty, σ(H(b))
= σac(H(b))∪σpp(H(b)), also follows from a rather general result on analytically fibered
operators [21].
(ii) Proposition 2.2 assures that the nth energy-band function εn(b) : R → R, k 7→
ε
(k)
n (b) is analytic for every band index n ∈ N0. If εn(b) is constant, equivalently, if the
bandwidth |βn| is zero, the nth band βn is called flat. Because of the analyticity of εn(b),
the condition of a non-zero bandwidth, |βn| > 0, is equivalent to∣∣∣∣∣
{
k ∈ R : dε
(k)
n (b)
dk
= 0
}∣∣∣∣∣ = 0. (2.9)
Moreover, for all n ∈ N0 and all k ∈ R one has the strict inequality(
dε
(k)
n (b)
dk
)2
< 2 ε(k)n (b). (2.10)
It is a consequence of the Feynman-Hellmann formula ([30, Ch. VII, §3.4] or [26])
dε
(k)
n (b)
dk
E(k)n (b) = E
(k)
n (b) (k − a(Q1))E(k)n (b), (2.11)
the inequalities(
E(k)n (b) (k − a(Q1))E(k)n (b)
)2 ≤ E(k)n (b)(k − a(Q1))2E(k)n (b) ≤ 2H(k)(b)E(k)n (b)
and the fact that ‖P1ϕ‖ > 0 for all ϕ ∈ Dom(P1)\{0}.
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(iii) By (2.2) the effective scalar potential
v(k) : R→ R, x1 7→ v(k)(x1) := 1
2
(k − a(x1))2, (2.12)
entering H(k)(b) grows near infinity not slower than quadratically for any k ∈ R.
Proof of Proposition 2.2. By checking the requirements of [54, Def. on p. 16] the first
assertion in part (i) follows from arguments along the lines of [28, Lemma 2.4(b)]. By the
(at least) quadratic growth of v(k), the associated effective Hamiltonian H(k)(b) has only
discrete spectrum [54, Thm. XIII.16] with non-degenerate eigenvalues (ε(k)n (b))n∈N0 [10,
Cor. III.1.5]. Their analyticity as functions of k follows in turn from the fact that the fam-
ily
{
H(k)(b)
}
k∈R
is analytic of type A (cf. [54, Thm. XII.8]). The unitary equivalence
(2.7) derives from the identity FH(b)ψ = ∫ ⊕
R
dk H(k)(b)Fψ for all ψ ∈ Dom(H(b)),
the domain of H(b). This is easily checked for ψ ∈ S(R2) and then follows for general
ψ ∈ Dom(H(b)) from the essential self-adjointness of H(b) and H(k)(b) on S(R2),
respectively, S(R). The condition of a non-zero bandwidth, |βn| > 0, and hence (2.9)
implies (cf. [54, Thm. XIII.86] and [28, Lemma 2.6]) that the nth band contributes to the
absolutely continuous spectrum of H(b). In the other case, |βn| = 0, the nth band con-
tributes to the pure-point spectrum of H(b) [54, Thm. XIII.85]. The continuity of εn(b)
guarantees the equality in (2.8). We finally note that the set-theoretic unions ⋃|βn|>0 βn
and
⋃
|βn|=0
βn are closed sets, since supk∈R ε
(k)
n (b) ⊆ [0,∞] grows unboundedly as
n → ∞. This follows from the quadratic growth of v(k) which implies the existence of
two constants α > 0 and γ ∈ R such that αn + γ ≤ ε(0)n (b) ≤ supk∈R ε(k)n (b) for all
n ∈ N0, by the min-max principle [54]. 
As already pointed out in Section 1, there is the conjecture, which basically goes
back to Iwatsuka, that there are no bounds states, Epp(b) = 0, (equivalently,σpp(H(b)) =
∅, or |βn| > 0 for all n ∈ N0) holds true for general UMF’s provided they are not globally
constant [13, 45].
Example 2.4 (Globally constant magnetic field). If b(x1) = b0 for Lebesgue-almost all
x1 ∈ R with a constant b0 ∈ R \ {0}, one has a UMF with b = |b0| and the Hamil-
tonian H(k)(b) is that of a displaced harmonic oscillator with k-independent eigenvalues,
ε
(k)
n (b) = (n+1/2) |b0|, n ∈ N0. Consequently, the spectrum of H(b) is only pure-point
and consists of infinitely degenerate, equidistant eigenvalues, the well-known Landau lev-
els [18, 38].
Because of the analyticity of the eigenvalues ε(k)n (b), a proof of Iwatsuka’s conjec-
ture amounts to rule out flat bands as they occur in the globally constant case, that is, to
prove (2.9) for all n ∈ N0. For Hamiltonians on L2(Rd) with (rather general)Zd-periodic
scalar potentials (only), the non-existence of flat bands has been proven several decades
ago [66, 54, 69, 15]. One class of UMF’s, for which (2.9) was proven for all n ∈ N0,
concerns certain UMF’s of a definite sign and is due to Iwatsuka himself.
Example 2.5 (Iwatsuka [28]). Suppose that a UMF is (smooth,) strictly positive and
bounded, that is, b− ≤ b(x1) ≤ b+ < ∞ for Lebesgue-almost all x1 ∈ R with some
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constants b± > 0. If additionally either lim supx1→∞ b(x1) < lim infx1→−∞ b(x1) or
lim supx1→−∞ b(x1) < lim infx1→∞ b(x1), then |βn| > 0 for all n ∈ N0 and hence the
spectrum of H(b) is only absolutely continuous.
Another class of UMF’s yielding only absolutely continuous spectrum of H(b) cov-
ers in particular the UMF’s of indefinite sign studied in [46] and [56].
Example 2.6 (Semi-bounded vector potential). Suppose that b is a UMF and that ad-
ditionally its anti-derivative a is globally bounded either from above or from below.
Then k0 − a(x1) has a definite sign for all x1 ∈ R for a suitable k0 ∈ R. By the
Feynman-Hellmann formula (2.11) and the unique-continuation property of eigenfunc-
tions of Schro¨dinger operators [54] one has dε(k0)n (b)/dk0 6= 0 and hence |βn| > 0 for all
n ∈ N0. Therefore the spectrum of H(b) is only absolutely continuous.
For yet another example, see [45]. We stress that neither of these examples cover
the typical realisations of UMF’s being random in the sense of Section 3 below.
In the following theorem we prove the continuity of the eigenvalues ε(k)n (b), n ∈
N0, of each effective Hamiltonian H(k)(b) as a functional of b in case the latter has
a definite sign. As in Example 2.5, it suffices to consider strictly positive UMF’s. The
chosen distance
d(b, b′) :=
∑
j∈Z
2−|j| min
{
1,
∫ j+1
j
dx1
∣∣b(x1)− b′(x1)∣∣} (2.13)
between two UMF’s b and b′ probes their absolute difference only locally as given by the
L1loc(R)-norm. We will make use of the theorem in Section 3.
Theorem 2.7 (Continuity of the eigenvalues at sign-definite UMF’s). Let b and bm for
each m ∈ N be UMF’s. Suppose there exists a constant b− ∈]0,∞[ such that the
Lebesgue-essential ranges of b and bm satisfy b(R) ⊆ [b−,∞[ and bm(R) ⊆ [b−,∞[
for all m ∈ N. Then
(i) ε(k)n (b) ∈ [(n+ 1/2) b−,∞[ ;
(ii) the convergence limm→∞ d(bm, b) = 0 implies the convergence
lim
m→∞
ε(k)n (bm) = ε
(k)
n (b) (2.14)
for any band index n ∈ N0 and any wave number k ∈ R.
Remark 2.8. Elementary arguments yield the inequalities
2−(ℓ+1)min
{
1,
∫ ℓ
−ℓ
dx1
∣∣b(x1)∣∣} ≤ d(b, 0) ≤ ∫ ℓ
−ℓ
dx1
∣∣b(x1)∣∣+ ∑
|j|≥ℓ−1
2−|j|, (2.15)
valid for all real ℓ > 0 and all b ∈ L1loc(R). Hence limm→∞ d(bm, b) = 0 is equivalent
to limm→∞
∫ ℓ
−ℓ dx1
∣∣bm(x1)− b(x1)∣∣ = 0 for all ℓ > 0.
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Proof of Theorem 2.7. Assertion (i) follows from the first inequality in (2.16) below, the
min-max principle [54] and Example 2.4. For a proof of assertion (ii) we fix k ∈ R and
let ξ(k)m ∈ R denote, for each m ∈ N, the solution of the equation am(ξ(k)m ) = k, which
is unique because the (absolutely) continuous function x1 7→ am(x1) =
∫ x1
0
dy1 bm(y1)
is strictly increasing. This solution obeys the estimate |ξ(k)m | ≤ |k|/b− for all m ∈ N. As
a consequence, the effective potential (2.12) associated with bm is bounded from below
by a quadratic potential according to
2 v(k)m (x1) =
( ∫ x1
ξ
(k)
m
dy1 bm(y1)
)2
≥ b2−
(
x1 − ξ(k)m
)2
≥ b
2
−
2
x21 − k2 (2.16)
for all x1 ∈ R. Therefore the shifted effective Hamiltonian H(k)(bm) + k2/2 is bounded
from below by the self-adjoint harmonic-oscillator Hamiltonian H0 := P 21 /2 + b2−Q21/4
on L2(R). Hence one gets the resolvent estimate R(k)(bm) := (H(k)(bm) + k2/2)−1 ≤
H−10 for all m ∈ N by the operator monotonicity of the reciprocal function (cf. [23,
Prop. A.2.5]). The same lines of reasoning imply R(k)(b) := (H(k)(b) + k2/2)−1 ≤
H−10 . Since all involved resolvents are compact, the dominated-convergence theorem for
compact operators [62, Thm. 2.16(b)] ensures that the norm-resolvent convergence of
H(k)(bm) to H(k)(b) as m→∞, that is
lim
m→∞
∥∥R(k)(bm)−R(k)(b)∥∥ = 0, (2.17)
is implied by the respective strong-resolvent convergence. Here, ‖B‖ := sup‖ϕ‖=1 ‖Bϕ‖
is the usual norm of a bounded operator B on L2(R) where the supremum is taken over
all normalised ϕ ∈ L2(R). Now, to prove strong-resolvent convergence it suffices [55,
Thm. VIII.25] to show that
lim
m→∞
∥∥∥H(k)(bm)ϕ−H(k)(b)ϕ∥∥∥2 = lim
m→∞
∫
R
dx1
∣∣v(k)m (x1)− v(k)(x1)∣∣2 |ϕ(x1)|2 = 0
(2.18)
for all ϕ ∈ C∞0 (R), the space of arbitrarily often differentiable and compactly supported
functions, because the effective Hamiltonians are essentially self-adjoint on C∞0 (R) [53,
Thm. X.28]. In fact, the last equality follows from limm→∞ d(bm, b) = 0, Remark 2.8
and the estimate
2 sup
x1∈[−ℓ,ℓ]
∣∣v(k)m (x1)− v(k)(x1)∣∣
= sup
x1∈[−ℓ,ℓ]
∣∣(am(x1)− a(x1))[am(x1)− a(x1)− 2(k − a(x1))]∣∣
≤ ∥∥bm − b∥∥1,ℓ [∥∥bm − b∥∥1,ℓ + 2(|k|+ ∥∥b∥∥1,ℓ)] (2.19)
which is valid for all real ℓ > 0 and relies on the inequality supx1∈[−ℓ,ℓ] |am(x1) −
a(x1)| ≤
∫ ℓ
−ℓ
dx1
∣∣bm(x1)− b(x1)∣∣ =: ∥∥bm − b∥∥1,ℓ. This completes the proof of (2.17).
The claimed convergence (2.14) of the eigenvalues eventually follows therefrom and from
the inequality∣∣(ε(k)n (bm) + k2/2)−1 − (ε(k)n (b) + k2/2)−1∣∣ ≤ ∥∥R(k)(bm)−R(k)(b)∥∥, (2.20)
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which is valid for all n ∈ N0 and all m ∈ N [54, Prob. 2 on p. 364]. 
2.2. Energy bands and some transport properties. Since the magnetic field depends
anisotropically on the two coordinates, any normalised wave packetψ0 ∈ L2(R2), ‖ψ0‖ =
1, which is initially localised along one direction, should expand anisotropically over the
plane under its time evolution ψt := e−itH(b) ψ0, t ∈ R, generated by (2.3). As a simple
degree for the expansion along the xj -direction (j ∈ {1, 2}) we use the corresponding
second spatial moment
‖Qjψt‖2 =
∫
R2
d2x |ψt(x)|2 x2j (2.21)
of the (pure) quantum state given by ψt ∈ Dom(Qj) in the (maximal) domain of Qj .
By switching to the Heisenberg picture it can also be written as ‖Qj,tψ0‖2 in terms of
the time-evolved position operator Qj,t := eitH(b)Qj e−itH(b). Our first result on the
quantum dynamics is simple. Due to the (at least) quadratic confinement of the particle
by the effective scalar potential for large |x1|, wave packets do not spread along the x1-
direction in the course of time.
Theorem 2.9 (Dynamical localisation along the x1-direction). Let b be a UMF. Then any
normalised wave packet with finite total kinetic energy, ψ0 ∈ Dom(H(b)1/2), which is
initially localised in the sense that ψ0 ∈ Dom(Q1) and ψ0 ∈ Dom(a(Q1)), remains
localised for all times,
sup
t∈R
‖Q1 ψt‖ <∞. (2.22)
Remarks 2.10. (i) The two initial-localisation conditions are fulfilled for any ψ0 ∈
S(R2). For more general ψ0 ∈ L2(R2), the first condition, ‖Q1 ψ0‖ < ∞, implies the
second one, ‖a(Q1)ψ0‖ <∞, if lim|x1|→∞ |a(x1)|/|x1| = b > 0 (as will be the case by
ergodicity for a UMF being random in the sense of Section 3).
(ii) For the validity of (2.22) the requirement b > 0 (in Definition 2.1) cannot simply
be dispensed with. For example, if a given absolutely continuous function a : R → R is
Z-periodic, one has b = 0 and the corresponding Hamiltonian (2.3) on L2(R2) also fibres
into a one-parameter family of effective Hamiltonians
{
H(k)(b)
}
k∈R
on L2(R), but each
member of which is Z-periodic and hence has only absolutely continuous spectrum [66,
54, 69]. The dynamical characterisation of scattering states in Hilbert space by the RAGE-
theorem [13, 68] therefore implies (for the present situation of one dimension and without
singular continuous spectrum) the second of the following two equalities
lim
t→∞
∥∥∥χ[−r,r](Q1) e−itH(b)ψ0∥∥∥2 = ∫
R
dk lim
t→∞
∥∥∥χ[−r,r](Q1) e−itH(k)(b) (Fψ0)(k)∥∥∥2 = 0
(2.23)
for any real r > 0, where x1 7→ χ[−r,r](x1) denotes the indicator function of the in-
terval [−r, r]. The first equality in (2.23) is due to the dominated-convergence theorem
and the fact that the partial Fourier transformation (2.5) is an isometry which commutes
with Q1. Since x21 ≥ r2
(
1− χ[−r,r](x1)
)
for all x1 ∈ R and hence ‖Q1 ψt‖2 ≥
r2
(
1− ‖χ[−r,r](Q1)ψt‖2
)
for any (arbitrarily large) r > 0, Eq. (2.23) implies that
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‖Q1 ψt‖ grows unboundedly with increasing t for these examples of Z-periodic b ∈
L1loc(R) defined by b(x1) := da(x1)/dx1 (for Lebesgue-almost all x1 ∈ R).
Proof of Theorem 2.9. According to Assumption 2.1, there exists a length scale r > 0
such that b |x1|/2 ≤ |a(x1)| for all x1 ∈ R with |x1| > r. As a consequence, we have
|x1| ≤ r +
(
2/b
) |a(x1)| for all x1 ∈ R and therefore∥∥Q1ψt∥∥ ≤ r + (2/b ) ∥∥a(Q1)ψt∥∥. (2.24)
Using the inequality (‖P2ψ0‖ − ‖a(Q1)ψs‖)2 ≤ 2 ‖H(b)1/2 ψ0‖2, (2.25)
being valid for all s ∈ R, first for s = t and then for s = 0 we bound the second term
on the right-hand side of (2.24) by a time-independent one according to ‖a(Q1)ψt‖ ≤
2
√
2‖H(b)1/2 ψ0‖ + ‖a(Q1)ψ0‖. The validity of (2.25) itself follows from the triangle
inequality and the fact that P2 and H(b) are constants of the motion, that is, commute
with H(b). 
For a description of the long-time behaviour along the x2-direction, we introduce
an operator V 2,∞ := F−1
∫ ⊕
R
dk V
(k)
2,∞F on Dom(H(b)1/2) in terms of its fibres
V
(k)
2,∞ :=
∞∑
n=0
dε
(k)
n (b)
dk
E(k)n (b), k ∈ R, (2.26)
on Dom(H(k)(b)1/2). Our next task is to show that V 2,∞ is the asymptotic velocity op-
erator (in the sense of [14]) corresponding to the motion along the x2-direction. To do so,
we first make sure that V 2,∞ is well-defined and collect some of its properties.
Lemma 2.11 (Properties of the asymptotic velocity). Let b be a UMF. Then the operator
V 2,∞ is bounded from Dom(H(b)1/2) to L2(R2) according to
‖V 2,∞ψ‖ <
√
2 ‖H(b)1/2ψ‖ (2.27)
for all ψ ∈ Dom(H(b)1/2). Moreover, one has:
(i) V 2,∞Eac(b) = V 2,∞ and ‖V 2,∞ψ‖ > 0 for all ψ ∈ Eac(b)Dom(H(b)1/2);
(ii) V 2,∞Epp(b) = 0.
Remark 2.12. The relation of the asymptotic velocity operator to the energy-band func-
tions is similar to that for one-dimensional motion in a Z-periodic scalar potential [22, 5].
In case of a globally constant magnetic field (cf. Example 2.4), for which Eac(b) = 0, the
asymptotic velocity vanishes, V 2,∞ = 0, in accordance with physical intuition. In any
case, the strict inequality (2.27) simply means that the asymptotic kinetic energy of the
particle’s motion along the x2-direction is always smaller than its (time-invariant) total
kinetic energy; cf. Theorem 2.13 below.
Proof of Lemma 2.11. The proof of (2.27) is based on (2.6) and (2.10) which yield∥∥∥V (k)2,∞ϕ∥∥∥2 = ∞∑
n=0
(
dε
(k)
n (b)
dk
)2 ∥∥∥E(k)n (b)ϕ∥∥∥2 < 2 ∥∥H(k)(b)1/2ϕ∥∥2 (2.28)
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for all ϕ ∈ Dom(H(k)(b)1/2). Since the partial Fourier transformation (2.5) is an isome-
try, one therefore has∥∥V 2,∞ψ∥∥2 = ∫
R
dk
∥∥∥V (k)2,∞ (Fψ)(k)∥∥∥2
< 2
∫
R
dk
∥∥∥H(k)(b)1/2 (Fψ)(k)∥∥∥2 = 2 ∥∥∥H(b)1/2ψ∥∥∥2 (2.29)
for all ψ ∈ Dom(H(b)1/2). For a proof of assertions (i) and (ii) we note that only
those terms contribute to the series in (2.26) for which |βn| > 0. Thanks to the an-
alyticity of ε(k)n (b) the latter is the case if and only if (2.9) holds, which implies that
‖V (k)2,∞E(k)n (b)ϕ‖ > 0 for all ϕ ∈ E(k)n (b)Dom(H(k)(b)1/2) and Lebesgue-almost all
k ∈ R. The second assertion in (i) is thus proven with the help of the first equality in
(2.29). 
We are now prepared to present our second result on the quantum dynamics. It
concerns the long-time limit of the motion along the x2-direction and, after all, justifies
the name “asymptotic velocity operator” for V 2,∞.
Theorem 2.13 (Ballistic transport along the x2-direction in the absence of flat bands).
Let b be a UMF. Then any normalised wave packet with finite total kinetic energy, ψ0 ∈
Dom(H(b)1/2), and initial localisation in the sense that ψ0 ∈ Dom(Q2), has V 2,∞ as
its asymptotic velocity operator in the following limiting sense
lim
t→∞
∥∥∥∥Q2,t ψ0t − V 2,∞ ψ0
∥∥∥∥ = 0. (2.30)
If additionally the entire spectrum of H(b) is absolutely continuous, equivalently |βn| > 0
for all n ∈ N0, the motion is ballistic in the sense that 0 < ‖V 2,∞ ψ0‖ <∞.
Remark 2.14. Eq. (2.30) implies limt→∞ f(Q2,t/t)ψ = f(V 2,∞)ψ for all bounded
and continuous functions f : R → R and all ψ ∈ L2(R2), a result which was already
proven [45, Thm. 4.2] for certain UMF’s. Here we give an argument for the validity of
the slightly stronger assertion (2.30), which closely follows the lines of reasoning of [5,
Thm. 2.3].
Proof of Theorem 2.13. We first introduce the time-averaged velocity operator
V 2,t :=
1
t
∫ t
0
ds eisH(b)
(
P2 − a(Q1)
)
e−isH(b) = F−1
∫ ⊕
R
dk V
(k)
2,t F (2.31)
which is defined for t 6= 0 on Dom(H(b)1/2) with its fibres
V
(k)
2,t :=
1
t
∫ t
0
ds eisH
(k)(b)
(
k − a(Q1)
)
e−isH
(k)(b) (2.32)
on Dom(H(k)(b)1/2). Since∥∥V 2,t ψ0∥∥ ≤ 1
t
∫ t
0
ds
∥∥∥(P2 − a(Q1))e−isH(b)ψ0∥∥ < √2∥∥∥H(b)1/2ψ0∥∥∥, (2.33)
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V 2,t is bounded from Dom(H(b)1/2) to L2(R2), uniformly in t ∈ R\{0}. Arguments
as in [52, Thm. 2.1] then justify that the time-evolved second component of the position
operator acts in the standard way, Q2,t ψ0 = Q2 ψ0 + t V 2,t ψ0 on any (normalised)
ψ0 ∈ Dom(H(b)1/2) ∩ Dom(Q2). The assertion (2.30) is thus equivalent to
lim
t→∞
∥∥V 2,tψ0 − V 2,∞ψ0∥∥ = 0 (2.34)
for all ψ0 ∈ Dom(H(b)1/2). By the uniform boundedness (in t ∈ R\{0}) of V 2,t on
the domain Dom(H(b)1/2) it suffices to prove (2.34) for any ψ0 in the finite-band-index
subspace
E :=
{
ψ ∈ L2(R2) : Fψ =
l∑
n=0
∫ ⊕
R
dk E(k)n (b)Fψ for some l ∈ N0
}
(2.35)
which is dense in Dom(H(b)1/2). Now, let ψ0 ∈ E arbitrary and l ∈ N0 its maximal
band index. Then the following equalities hold∥∥(V 2,t − V 2,∞)ψ0∥∥2 = ∫
R
dk
∥∥(V (k)2,t − V (k)2,∞) (Fψ0)(k) ∥∥2 = (2.36)∫
R
dk
∞∑
n=0
∥∥∥ l∑
m=0
m 6=n
1
t
∫ t
0
ds eis
(
ε(k)
n
(b)−ε(k)
m
(b)
)
E(k)n (b)
(
k − a(Q1)
)
E(k)m (b) (Fψ0)(k)
∥∥∥2.
The second equality derives from (2.11) and (2.32). The convergence (2.34) for ψ0 ∈
E now follows from the fact that limt→∞ t−1
∫ t
0
ds exp
{
is(ε
(k)
n (b)− ε(k)m (b)
}
= 0 if
m 6= n together with the dominated-convergence theorem. The latter is applicable since
the squared norm on the right-hand side of (2.36) has the upper bound
(l + 1) max
j∈{0,...,l}
∥∥E(k)n (b) (k − a(Q1))E(k)j (b) (Fψ0)(k) ∥∥2, (2.37)
which is summable with respect to n ∈ N0 and Lebesgue integrable with respect to
k ∈ R. This completes the proof of (2.30). The assertion about ballistic transport in case
Epp(b) = 0 follows from Lemma 2.11. 
3. SCHRO¨DINGER OPERATORS WITH RANDOM UNIDIRECTIONALLY CONSTANT
MAGNETIC FIELDS
Throughout this section we are dealing with unidirectionally constant magnetic
fields given by realisations b : R → R of an R-valued random (or: stochastic) process
with parameter setR in the sense of
Definition 3.1 (RUMF). A random unidirectionally constant magnetic field (RUMF) is
a probability space (Ω,B(Ω),P) with Ω := {b ∈ L1loc(R) : b(R) ⊆ R} as its set of
realisations (or: sample paths) and with the collection B(Ω) of all Borel subsets of Ω
as its sigma-algebra of events. The fixed measurable space (Ω,B(Ω)) is endowed with a
probability measureP having two properties:
(i) P isR-ergodic;
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(ii) P has a non-zero and finite mean-value, that is, 0 < | ∫
Ω
P(db) b(x1)| < ∞ for
Lebesgue-almost all x1 ∈ R.
Remarks 3.2. (i) The metric d : Ω × Ω → [0, 3] given by (2.13) renders Ω a
Polish space (cf. [7]). The Borel sigma-algebra B(Ω) is the smallest sigma-algebra in Ω
containing all subsets of Ω which are open with respect to d. The topological support of
the probability measure in Ω is the (closed) event
supp P := {b ∈ Ω : P (∆δ(b)) > 0 for all δ > 0} , (3.1)
where ∆δ(b) := {b′ ∈ Ω : d(b, b′) < δ} is the open ball with centre b ∈ Ω and radius
δ > 0.
(ii) By defining (θz1b)(x1) := b(x1 + z1) for all z1 ∈ R, Lebesgue-almost all x1 ∈
R and any b ∈ Ω, one gets a group {θz1}z1∈R of measurable shifts on (Ω,B(Ω)). The
probability measureP (and the resulting RUMF) isR-homogeneous ifP(θz1∆) = P(∆)
for all z1 ∈ R and all ∆ ∈ B(Ω). It is R-ergodic if, additionally, every shift-invariant
event ∆ ∈ B(Ω), θz1∆ = ∆ for all z1 ∈ R, is either almost impossible or almost sure,
P(∆) ∈ {0, 1}.
(iii) Due to theR-homogeneity of P the (path) integral for its mean-value∫
Ω
P(db) b(x1) := (2ℓ)
−1
∫
Ω
P(db)
∫ x1+ℓ
x1−ℓ
dy1 b(y1), with ℓ > 0 arbitrary, does not de-
pend on Lebesgue-almost all x1 ∈ R. In the following we adopt the convention to denote
the corresponding constant by
∫
ΩP(db) b(0).
(iv) The probability measure of a RUMF can be specified by its characteristic func-
tional given by P˜(η) :=
∫
Ω
P(db) exp
{−i ∫
R
dx1 η(x1) b(x1)
}
for all real-valued η ∈
C∞0 (R), cf. [27].
As a first result, we show that P-almost every realisation b : R → R, x1 7→ b(x1)
of a RUMF is a UMF in the sense of Definition 2.1.
Lemma 3.3 (Realisations of a RUMF are almost surely UMF’s). Let (Ω,B(Ω),P) be a
RUMF and define Ω0 := {b ∈ Ω : b is a UMF}. Then
(i) Ω0 is an almost-sure event,P(Ω0) = 1;
(ii) for any b ∈ Ω0 the two constants associated with it according to Definition 2.1
are given by b = | ∫ΩP(db′) b′(0)| and α = 1.
Proof. We first note that Ω0 ∈ B(Ω), because the functional Ω ∋ b 7→ a(x1) =∫ x1
0 dy1b(y1) is measurable for every x1 ∈ R such that the lower and upper limits in(2.2) are measurable functionals of b. In fact, taking there α = 1 these limits coincide
with b =
∣∣ ∫
ΩP(db
′) b′(0)
∣∣ > 0 for P-almost all b ∈ Ω, since the Birkhoff-Khinchin
ergodic theorem [12, 11, 29] yields the identity
lim
|ℓ|→∞
1
ℓ
∫ ℓ
0
dx1 b(x1) =
∫
Ω
P(db′) b′(0) (3.2)
forP-almost all b ∈ Ω. 
Remark 3.4. As a consequence, all results of Section 2 apply to every b ∈ Ω0, that
is, to the RUMF-case with probability 1. In particular, each realisation H(k)(b) of any
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random effective Hamiltonian has non-degenerate, strictly positive and isolated eigenval-
ues ε
(k)
n (b), n ∈ N0. For each fixed n, they have two basic properties: (i) the mapping
Ω0×R ∋ (b, k) 7→ ε(k)n (b) is measurable (cf. [10, Sec. V.1]), hence anR-valued random
process with parameter set R, and (ii) its realisation R ∋ k 7→ ε(k)n (b) has an analytic
extension to some complex neighbourhood ofR for any b ∈ Ω0 (cf. Proposition 2.2).
3.1. Non-randomness of the energy bands. It is a comforting fact to learn that although
the spectrum of H(k)(b) in general depends on b ∈ Ω0 for each fixed k ∈ R, each
resulting energy band of H(b) (cf. Proposition 2.2) is the same for P-almost all b ∈ Ω0.
Theorem 3.5 (Almost-sure non-randomness of the energy bands). Let (Ω,B(Ω),P) be
a RUMF. Then there exists a sequence β := (βn)n∈N0 of non-random closed intervals
βn ⊆ [0,∞[ such that
(i) the event
Ωβ :=
{
b ∈ Ω0 : ε(R)n (b) = βn for all n ∈ N0
}
(3.3)
is almost sure, P(Ωβ) = 1;
(ii) each event
Ω
(k)
β :=
{
b ∈ Ω0 : ε(k)n (θRb) = βn for all n ∈ N0
}
(3.4)
contains an almost-sure event which does not depend on the chosen wave number k ∈ R.
Therefore the super-event is itself almost sure, P(Ω(k)β ) = 1 for all k ∈ R.
Remarks 3.6. (i) As a consequence of Theorem 3.5, the pure-point spectrum and
the absolutely continuous spectrum ofH(b) are also closed sets, σpp(H(b)) =
⋃
|βn|=0
βn
and σac(H(b)) =
⋃
|βn|>0
βn, which do not depend on b ∈ Ωβ (cf. Proposition 2.2).
(ii) The second part of Theorem 3.5 deals with the distribution of the random vari-
ables b 7→ ε(k)n (b) for a fixed wave number k ∈ R. In view of the R-ergodicity of P, it is
not surprising that the whole band βn is explored by a single orbit θRb := {θz1b : z1 ∈
R} ⊂ Ω0 with P-almost every “initial” b ∈ Ω0.
(iii) Similarly to the energy bands, each asymptotic-velocity band]
inf
k∈R
dε
(k)
n (b)
dk
, sup
k∈R
dε
(k)
n (b)
dk
[
, n ∈ N0, (3.5)
is the same for P-almost all b ∈ Ω0. As a consequence, the spectrum of V 2,∞ does
not depend on P-almost all b ∈ Ω0. The proof of this statement is similar to that of
Theorem 3.5.
Proof of Theorem 3.5. Shifting a realisation b ∈ Ω0 of a RUMF by z1 ∈ R (cf. Re-
mark 3.2(ii)) implies the (covariance) relation
ε(k)n (θz1b) = ε
(k+a(z1))
n (b) (3.6)
for the corresponding energy eigenvalues. As a consequence, for each n ∈ N0 the two
random variables b 7→ infk∈R ε(k)n (b) and b 7→ supk∈R ε(k)n (b) are invariant under the
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action of {θz1}z1∈R. By the ergodicity there exists an event Ω(n) ⊆ Ω0 with P(Ω(n)) =
1, on which both random variables are constant [11, 29]. Since ⋂n∈N0 Ω(n) ⊆ Ωβ by
virtue of (2.8) and P(⋂n∈N0 Ω(n)) = 1, this proves the first assertion. To prove the
second one, we note that the continuity of a(x1) in x1 ∈ R and (3.2) guarantee that
P(Ω̂) = 1 for Ω̂ := {b ∈ Ω : a(R) = R} and hence
ε(R)n (b) = ε
(k+a(R))
n (b) = ε
(k)
n (θRb) (3.7)
for all k ∈ R and all b ∈ Ω0 ∩ Ω̂. This implies βn = ε(R)n (b) = ε(k)n (θRb) for all n ∈ N0
and all b in the almost-sure event Ωβ ∩ Ω̂. 
3.2. More on the energy bands in the sign-definite case. Theorem 2.7 guarantees that
the energy eigenvalues ε(k)n (b) are continuous functionals of b ∈ Ω0 provided the proba-
bility measure is concentrated on realisations with a definite sign. This continuity has an
important consequence. The energy bands turn out to be determined by any subset of Ω0
which is dense in the topological support of the probability measure. Such a subset may
well be almost impossible or not even an event.
Theorem 3.7 (Subsets of the energy bands in the sign-definite case). Let (Ω,B(Ω),P)
be a RUMF for which there exists a constant b− ∈]0,∞[ such that the event
Ωb
−
:=
{
b ∈ Ω0 : b(R) ⊆ [b−,∞[
} (3.8)
is almost sure, P(Ωb
−
) = 1. Then
(i) ε(k)n (b) ∈ βn for all b ∈ Ωb
−
∩ suppP;
(ii) ε(k)n (∆) = βn for all ∆ ⊆ Ωb
−
∩ suppP with ∆ = suppP
for any band index n ∈ N0 and any wave number k ∈ R.
Remarks 3.8. (i) We recall from Theorem 2.7 that βn ⊆ [(n+ 1/2) b−,∞[ for all
n ∈ N0 in the situation of Theorem 3.7.
(ii) Theorem 3.7 and its proof below is analogous to corresponding results for Schro¨-
dinger operators with random scalar potentials [34, Thms. 1 and 2 on p. 304f].
(iii) Theorem 3.7 can be used to prove the almost-sure absence of flat energy bands
of H(b). Namely, to prove that βn is not flat one has to track down two realisations b,
b′ ∈ Ωb
−
∩ suppP such that ε(k)n (b) 6= ε(k)n (b′) for some k ∈ R. This is the case,
for example, if there are two constants b0 > b′0 ≥ b− such that the constant functions
x1 7→ b0 and x1 7→ b′0 are both contained in suppP, see Corollary 3.15 below.
Proof of Theorem 3.7. For fixed but arbitrary b ∈ Ωb
−
∩ suppP and δ > 0 we have the
strict positivityP
(
∆δ(b)∩Ωb
−
∩Ωβ
)
= P(∆δ(b)) > 0 and therefore∆δ(b)∩Ωb
−
∩Ωβ 6=
∅. By picking bl ∈ ∆1/l(b) ∩ Ωb− ∩ Ωβ we can thus construct a sequence (bl)l∈N such
that liml→∞ d(b, bl) = 0 and hence liml→∞ ε(k)n (bl) = ε(k)n (b) by Theorem 2.7. Since
ε
(k)
n (b) ∈
⋃
l∈N{ε(k)n (bl)} ⊆ βn by the definition (3.3), this implies the first assertion. To
prove the second one, we let z1 ∈ R and b ∈ Ωb
−
∩Ω(k)β ∩ suppP. Since all three events
of the intersection are invariant under θz1 , we have θz1b ∈ Ωb− ∩ Ω(k)β ∩ suppP. By the
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assumed denseness of ∆ in suppP, there exists a sequence (bl)l∈N with bl ∈ ∆ such
that liml→∞ d(θz1b, bl) = 0 and hence liml→∞ ε
(k)
n (bl) = ε
(k)
n (θz1b) by Theorem 2.7.
Similarly as before, this implies ε(k)n (θz1b) ∈ ε(k)n (∆). Since z1 ∈ R was arbitrary and
b ∈ Ω(k)β , Theorem 3.5 gives βn = ε(k)n (θRb) ⊆ ε(k)n (∆). This completes the proof,
because ε(k)n (∆) ⊆ βn by assertion (i). 
3.3. On the absence of flat energy bands in the non-sign-definite case. The following
theorem provides a sufficient condition for the entire spectrum of H(b) to be absolutely
continuous and given by the positive half-line for all b ∈ Ωβ . According to Section 2
the transport along the x2-direction is then almost surely ballistic. In fact, the condition
guarantees the occurrence of realisations b with arbitrarily small absolute values on spatial
average over arbitrarily long line segments (cf. (3.1) and (2.15)). Not surprisingly, such
realisations, which are rare because of our assumption
∫
ΩP(db) b(0) 6= 0, come with
nearly free motion.
Theorem 3.9 (Almost-sure absence of flat energy bands). Let (Ω,B(Ω),P) be a RUMF
with the null-function of L1loc(R) lying in the topological support of its probability mea-
sure, 0 ∈ suppP. Then
σ(H(b)) = σac(H(b)) = [0,∞[ (3.9)
for all b ∈ Ωβ .
Remark 3.10. The almost-sure absolute continuity of the entire spectrum ofH(b) implies
that of its integrated density of states. This means that the density of states exists as a
non-negative function in L1loc(R) (cf. [41, Sec. 1.2]). For more general random vector
potentials the integrated density of states is known to be only Ho¨lder continuous in certain
energy regimes [25].
Proof of Theorem 3.9. To start the proof of the first equality in (3.9) by contradiction, we
note that zero cannot be an eigenvalue of the effective Hamiltonian H(0)(b) (and hence
β0 6= {0}) for all b ∈ Ω0, because a2 is strictly positive on some non-empty open set in
R for all b ∈ Ω0. Suppose now that there exists an energy ε > 0 such that βm = {ε} for
some m ∈ N0. By (2.15) the assumption 0 ∈ suppP implies the existence of a sequence
(Ωl)l∈N of non-empty events Ωl ⊂ Ωβ such that
sup
x1∈[−l,l]
|a(x1)| ≤
∫ l
−l
dx1 |b(x1)| < l−1 (3.10)
for all b ∈ Ωl. By picking a bl ∈ Ωl 6= ∅ for each l ∈ N we can thus construct a sequence(
bl
)
l∈N
such that liml→∞
∥∥2H(0)(bl)ϕ − P 21 ϕ∥∥ = 0 for all ϕ ∈ C∞0 (R). According to
[55, Thm. VIII.25] the sequence of operators (H(0)(bl))l∈N hence converges to the free
Hamiltonian P 21 /2 on L2(R) in the strong resolvent sense. Using [55, Thm. VIII.24] and
[54, Prob. 167 on p. 385] this delivers the estimate
tr χ[0, ε[
(
P 21 /2
) ≤ lim sup
l→∞
tr χ[0, ε[
(
H(0)(bl)
)
= m. (3.11)
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Here the equality stems from the fact that the number of eigenvalues of H(0)(b) below ε
equals m for all b ∈ Ωβ , since βm = {ε} by assumption. Inequality (3.11) now contra-
dicts the fact that the spectral projection χ[0,ε[
(
P 21
)
is not a trace-class operator for any
ε > 0. To prove the second equality in (3.9), we note that the inequality in (3.11) also
implies that the number of eigenvalues of H(0)(bl) below a fixed energy ε > 0 exceeds
every given number for l large enough. Hence ε ∈ βn for all n ∈ N0. Since ε may be
chosen arbitrarily small and βn is closed, we thus have 0 ∈ βn for all n ∈ N0. This
implies the assertion, because H(b) is unbounded from above for all b ∈ Ω0. 
3.4. Examples. In this final subsection we are going to present three examples of a
RUMF to which the general theory applies. Our first example of a RUMF will be a Gauss-
ian one in the sense of
Definition 3.11 (Gaussian RUMF). A Gaussian random unidirectionally constant mag-
netic field is a RUMF (Ω,B(Ω),P) with P˜(η) having the form
exp
{
−iµ
∫
R
dx1 η(x1)− 1
2
∫
R×R
dx1dy1 η(x1) c(x1 − y1) η(y1)
}
. (3.12)
Here µ ∈ R\{0} is a constant and c : R → R, x1 7→ c(x1) =
∫
R
c˜(dq) eiqx1 is the
Fourier transform of a positive and symmetric Borel measure c˜ onRwith 0 < c˜(R) <∞
and no pure-point part in its Lebesgue decomposition.
Remark 3.12. It follows that µ =
∫
Ω
P(db) b(x1) and c(x1−y1) =
∫
Ω
P(db) b(x1)b(y1)−
µ2 for Lebesgue almost all x1, y1 ∈ R, so that µ is the mean-value and c the covariance
function of the Gaussian P. According to the Bochner-Khinchin theorem [53, 11] the
Fourier representability of a (continuous) covariance function required in Definition 3.11
is no loss of generality. According to the Fomin-Grenander-Maruyama theorem [11, 12]
the measure c˜, known as the spectral measure ofP, has no pure-point part in its Lebesgue
decomposition, that is, c˜({q}) = 0 for all q ∈ R, if and only if P is R-ergodic. By the
Wiener theorem [11, 13] this is also equivalent to limℓ→∞ ℓ−1
∫ ℓ
0
dx1
(
c(x1)
)2
= 0.
An immediate consequence of Proposition A.1 in Appendix A below is
Corollary 3.13. Theorem 3.9 applies to a Gaussian RUMF.
Our second example is a RUMF with realisations b = b− + bˆ2 given by the sum of
a strictly positive constant b− > 0 and the square of realisations bˆ of a Gaussian RUMF,
so that Theorem 3.7 (and Remark 3.8(iii)) is applicable.
Definition 3.14 (Squared-Gaussian RUMF). A squared-Gaussian random unidirection-
ally constant magnetic field with infimum b− ∈]0,∞[ is a RUMF (Ω,B(Ω),P) whose
probability measure P is defined in terms of a Gaussian RUMF (Ω,B(Ω),Pµ,c) with
mean-value µ and covariance function c by settingP(∆) := Pµ,c{bˆ ∈ Ω : b−+ bˆ2 ∈ ∆}
for all ∆ ∈ B(Ω).
Corollary 3.15. Let (Ω,B(Ω),P) be a squared-Gaussian RUMF with infimum b− > 0.
Then
βn =
[
(n+ 1/2) b−,∞[ (3.13)
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for all n ∈ N0. Consequently, the entire spectrum of H(b) is absolutely continuous for
P-almost all b ∈ Ω.
Proof. With the help of Proposition A.1 it can be shown that the constant realisation
x1 7→ b− + b20 is contained in Ωb− ∩ suppP for every b0 ∈ R. Theorem 3.7(i) thus
implies (n+ 1/2)(b− + b20) ∈ βn for all n ∈ N0 (cf. Example 2.4). 
Our last example of a RUMF is a Poissonian one in the sense of
Definition 3.16 (Poissonian RUMF). A Poissonian random unidirectionally constant
magnetic field is is a RUMF (Ω,B(Ω),P) with P˜(η) having the form
exp
{
−̺
∫
R
dx1
(
1− exp
{
−i
∫
R
dy1η(y1)u(x1 − y1)
})}
. (3.14)
Here ̺ ∈]0,∞[ is a constant and u : R→ R is a function in L1(R) satisfying ∫
R
dy1 u(y1)
6= 0.
Remark 3.17. It follows thatP isR-ergodic and that 0 6= ̺ ∫
R
dy1 u(y1) =
∫
Ω
P(db)b(0)
≤ ∫ΩP(db)|b(0)| ≤ ̺ ∫Rdy1 |u(y1)| < ∞. Moreover, for every Poissonian RUMF there
exists a Poissonian (random) measure ν̺ : Ω× B(R) → [0,∞], (b,Λ) 7→ ν̺(b,Λ) with
intensity parameter ̺ such that P-almost every b ∈ Ω can be represented as
b(x1) =
∫
R
ν̺(b, dy1)u(x1 − y1) (3.15)
for Lebesgue-almost all x1 ∈ R. We recall that ν̺ is a random Borel measure on R
which is almost surely only pure-point and positive-integer valued. The random variable
ν̺(Λ) : Ω → [0,∞], b 7→ ν̺(b,Λ) associated with Λ ∈ B(R) is distributed according to
Poisson’s law
P
({
b ∈ Ω : ν̺(b,Λ) = m
})
=
(̺|Λ|)m
m!
exp (−̺|Λ|) , m ∈ N0, (3.16)
so that ̺ may be interpreted as the mean spatial concentration of immobile magnetic
impurities. Each single one is located “completely at random” on the real line where it
creates a local magnetic field given by u.
Corollary 3.18. Theorem 3.9 applies to a Poissonian RUMF.
Proof. The triangle inequality, the Fubini-Tonelli theorem and the monotonicity ∫ ℓ−ℓdx1
|u(x1 − y1)| ≤
∫
R
dx1 |u(x1)| =: ‖u‖1, valid for all real ℓ > 0, yield∫ ℓ
−ℓ
dx1 |b(x1)| ≤
∫
R
ν̺(b, dy1)
∫ ℓ
−ℓ
dx1 |u(x1 − y1)|
≤ ν̺ (b, [−r, r]) ‖u‖1 + uℓ,r(b) (3.17)
for arbitrarily picked r > 0. Here we have introduced the two-parameter family of non-
negative random variables uℓ,r given by uℓ,r(b) :=
∫
R\[−r,r] ν̺(b, dy1)
∫ ℓ
−ℓ dx1 |u(x1 −
y1)|. The Poissonian nature of ν̺ implies that the two random variables ν̺([−r, r]) and
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uℓ,r are independent for all ℓ, r > 0. Inequality (3.17) therefore gives the following lower
estimate on the probability for the δ-smallness of its left-hand side:
P
({
b ∈ Ω :
∫ ℓ
−ℓ
dx1 |b(x1)| < δ
})
≥ P
({
b ∈ Ω : ν̺ (b, [−r, r]) ‖u‖1 < δ
2
})
P
({
b ∈ Ω : uℓ,r(b) < δ
2
})
. (3.18)
The first probability on the right-hand side is strictly positive for all r > 0 by (3.16) with
m = 0. We estimate the second probability from below by bounding the probability of
the complementary event from above as follows
P
({
b ∈ Ω : uℓ,r(b) ≥ δ
2
})
≤ 2
δ
∫
Ω
P(db)uℓ,r(b)
=
2̺
δ
∫
R\[−r,r]
dy1
∫ ℓ
−ℓ
dx1 |u(x1 − y1)|. (3.19)
Here we have used the Chebyshev-Markov inequality, the Fubini-Tonelli theorem and
the identity
∫
Ω
P(db)ν̺(b,Λ) = ̺|Λ| for the mean number of Poissonian points in Λ ∈
B(R). The right-hand side of (3.19) becomes arbitrarily small with r large enough for
any pair δ, ℓ > 0 because u ∈ L1(R). Therefore the probability on the left-hand side of
(3.18) is strictly positive for any δ, ℓ > 0. Hence the constant realisation b = 0 belongs to
suppP (cf. (3.1) and (2.15)). 
Remark 3.19. In this paper we have only considered random UMF’s which areR-ergodic
(by definition). But the results can easily be extended to certain random UMF’s, which
are notR-ergodic but only Z-ergodic. For example, if P˜(η) has the form∏
j∈Z
∫
R
λ(dg) exp
{
−ig
∫
R
dx1 η(x1)u(x1 − j)
}
(3.20)
where λ is a probability measure on (R,B(R)) with 0 ∈ suppλ and 0 < | ∫
R
λ(dg)g|
<∞, and u : R→ R is a function in L1(R) satisfying ∫
R
dy1 u(y1) 6= 0. ThenP-almost
every realisation b can be represented as b(x1) =
∑
j∈Z gj(b)u(x1 − j) for Lebesgue-
almost all x1 ∈ R in terms of u and a two-sided sequence (gj)j∈Z of independent random
variables with common distribution λ and can easily be shown to be a UMF in the sense of
Definition 2.1. The assertions of Theorem 3.5 and Theorem 3.9 remain true forP-almost
all realisations b of this Z-ergodic random UMF. The proof of the latter statement is in
close analogy to that of Corollary 3.18.
APPENDIX A. ON THE TOPOLOGICAL SUPPORT OF CERTAIN GAUSSIAN PATH
MEASURES
For any Gaussian RUMF (Ω,B(Ω),P) in the sense of Definition 3.11 the event
Ω2 :=
{
b ∈ Ω : b ∈ L2loc(R)
}
=
{
b ∈ L2loc(R) : b(R) ⊆ R
} (A.1)
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is almost-sure, P(Ω2) = 1, because the Fubini-Tonelli theorem and the R-homogeneity
of P gives
∫
ΩP(db)
∫ ℓ
−ℓ dx1|b(x1)|2 = 2ℓ(µ2 + c(0)) < ∞ for all real ℓ > 0. It is
therefore natural to consider the L2loc-topological support
supp2P :=
{
b ∈ Ω2 : P ({b′ ∈ Ω2 : d2(b, b′) < δ}) > 0 for all δ > 0
}
(A.2)
associated with the metric on Ω2 defined by d2(b, b′) :=
∑
j∈Z 2
−|j| min
{
1,
( ∫ j+1
j
dx1
|b(x1) − b′(x1)|2
)1/2}
. Since d(b, b′) ≤ d2(b, b′) for all b, b′ ∈ L2loc(R), this L2loc-
topological support of P is contained in its (L1loc-)topological support as given by (3.1).
Now we are able to recall a known fact (cf. [36, p. 451]), which is actually valid
for slightly more general Gaussian processes than Gaussian RUMF’s. Its detailed proof is
included here for the reader’s (and authors’) convenience.
Proposition A.1 (Topological support of a Gaussian RUMF). For any Gaussian RUMF
(Ω,B(Ω),P) one has Ω2 = supp2P (⊆ suppP).
To prepare a proof we first recall the Karhunen-Loe`ve expansion [1] of Gaussian
processes. It relies on the fact that for each fixed ℓ ∈]0,∞[ the covariance function de-
fines a non-negative and compact integral operator C on the Hilbert space L2([−ℓ, ℓ])
through the kernel [−ℓ, ℓ ]2 ∋ (x1, y1) 7→ c(x1 − y1). Mercer’s theorem [8] therefore
yields the existence of a basis of continuous real-valued eigenfunctions (φj)j∈N0 which
is orthonormal, 〈φj , φl〉ℓ = δjl for all j, l ∈ N0, with respect to the usual scalar product
on L2([−ℓ, ℓ]) such that
c(x1 − y1) =
∞∑
j=0
cj φj(x1)φj(y1). (A.3)
Here c0 ≥ c1 ≥ · · · ≥ 0 are the corresponding non-negative (possibly coinciding)
eigenvalues and the convergence of the series is absolute and uniform on the square
[−ℓ, ℓ ]2 ⊂ R2. One even has cj > 0 for all j ∈ N0, if the spectral measure c˜ has
a continuous part in its Lebesgue decomposition (as is the case for a Gaussian RUMF
because of ergodicity). This follows from the strict positivity of the quadratic form as-
sociated with C. Namely, the assumption 〈ϕ,Cϕ〉ℓ =
∫
R
c˜(dq)|ϕ˜(q)|2 = 0 implies
ϕ˜(q) :=
∫ ℓ
−ℓ dx1e
−iqx1ϕ(x1) = 0 for all ϕ ∈ L2([−ℓ, ℓ]) and all q ∈ supp c˜ := {q ∈
R : c˜(]q − κ, q + κ[) > 0 for all κ > 0}. Since |supp c˜| > 0 by the assumed existence
of a continuous part of c˜, the analyticity of the complex-valued function R ∋ q 7→ ϕ˜(q)
implies ϕ˜(q) = 0 even for all q ∈ R and hence ϕ = 0.
Using (A.3) we can define a sequence (γj)j∈N0 of (jointly) Gaussian random vari-
ables by
γj(b) :=
∫ ℓ
−ℓ
dx1 φj(x1) (b(x1)− µ) , b ∈ Ω. (A.4)
They have zero mean-values, have strictly positive variances and are pairwise uncorre-
lated,
∫
ΩP(db)γj(b) = 0 and
∫
ΩP(db) γj(b)γl(b) = cjδjl for all j, l ∈ N0. By their
Gaussian nature, they are thus independent [29].
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Proof of Proposition A.1. Inequalities analogous to (2.15) show that bˆ ∈ supp2P if and
only if
P
({
b ∈ Ω2 : ‖b− bˆ‖2,ℓ < δ
})
> 0 (A.5)
for all δ > 0 and all ℓ > 0. Here we have introduced the abbreviation ‖b‖22,ℓ :=∫ ℓ
−ℓ dx1|b(x1)|2 for the squared norm of b ∈ L2([−ℓ, ℓ]). For a proof of (A.5) for ar-
bitrary bˆ ∈ Ω2, we may assume µ =
∫
Ω
P(db) b(0) = 0 by adding a suitable constant
to bˆ. We L2([−ℓ, ℓ])-expand with respect to the basis (φj)j∈N0 and employ the triangle
inequality to obtain∥∥b− bˆ∥∥
2,ℓ
=
( ∞∑
j=0
∣∣γj(b)− 〈φj , bˆ〉ℓ∣∣2)1/2 (A.6)
≤
(m−1∑
j=0
∣∣γj(b)− 〈φj , bˆ〉ℓ∣∣2)1/2 + ( ∞∑
j=m
|γj(b)|2
)1/2
+
( ∞∑
j=m
∣∣〈φj , bˆ〉ℓ∣∣2)1/2
for any m ∈ N. Now, given δ > 0, the last term does not exceed δ/3 for m large enough,
because of Parseval’s identity
∑∞
j=0 |〈φj , bˆ〉ℓ|2 = ‖bˆ‖22,ℓ < ∞. By the independence of
the (γj), for all m large enough the probability in (A.5) is therefore bounded from below
by the following product of two probabilities:
P
({
b ∈ Ω2 :
m−1∑
j=0
∣∣γj(b)− 〈φj , bˆ〉ℓ∣∣2 < δ2
9
})
P
({
b ∈ Ω2 :
∞∑
j=m
|γj(b)|2 < δ
2
9
})
.
(A.7)
The second probability in (A.7) becomes strictly positive for all m large enough, because
the Chebyshev-Markov inequality and the convergence
∑∞
j=0 cj = 2ℓ c(0) = 2ℓ c˜(R) <
∞ then yield
P
({
b ∈ Ω2 :
∞∑
j=m
|γj(b)|2 ≥ δ
2
9
})
≤ 9
δ2
∞∑
j=m
cj < 1. (A.8)
It remains to ensure the strict positivity of the first probability in (A.7). By the indepen-
dence of the Gaussian random variables (γj) one has
P
({
b ∈ Ω2 :
m−1∑
j=0
∣∣∣γj(b)− 〈φj , bˆ〉ℓ∣∣∣2 < δ2
9
})
≥
m−1∏
j=0
P
({
b ∈ Ω2 :
∣∣γj(b)− 〈φj , bˆ〉ℓ∣∣ < δ
3
√
m
})
. (A.9)
Since cj > 0 for all j ∈ N0, each of the m probabilities on the right-hand side of (A.9)
is strictly positive, because a Gaussian probability measure on (R,B(R)) with strictly
positive variance assigns a strictly positive value to any non-empty open interval. 
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